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Abstract
We use the cascade product of tree automata to give an algebraic characterization of the expressive power
of CTL-like temporal logis on ﬁnite trees.
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1 Introduction
The cascade product of ﬁnite automata and its semigroup theoretic variants have
been extremely useful in the characterization of the expressive power of several
logics on ﬁnite words, cf. e.g., [1,3,12,13]. In this paper we provide an algebraic
characterization of the expressive power of a wide class of temporal logics on ﬁnite
trees (terms) using the cascade product [9] of tree automata.
2 Temporal logics
Suppose that R is a ﬁnite subset of the naturals containing 0. We consider (ﬁnite)
ranked alphabets Σ such that the set Σn of letters of rank n is non-empty iﬀ n ∈ R.
We assume that each ranked alphabet comes with a ﬁxed lexicographic order. Finite
(ground) Σ-trees, or terms, are deﬁned as usual. We denote the set of Σ-trees by
TΣ.
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Syntax. For a ranked alphabet Σ, the set of formulas over Σ is the least set con-
taining the symbol pσ, for all σ ∈ Σ, closed with respect to the boolean operations
∨ (disjunction) and ¬ (negation), as well as the following construct. Suppose that
L ⊆ TΔ, and for each δ ∈ Δ, ϕδ is a formula over Σ. Then
L(δ → ϕδ)δ∈Δ (1)
is a formula over Σ.
Semantics. Suppose that ϕ is a formula over Σ and t ∈ TΣ. We say that t
satisﬁes ϕ, in notation t |= ϕ, if
• ϕ = pσ, for some σ ∈ Σ, and the root of t is labeled σ, or
• ϕ = ϕ′ ∨ ϕ′′ and t |= ϕ′ or t |= ϕ′′, or
• ϕ = ¬ϕ′ and it is not the case that t |= ϕ′, or
• ϕ = L(δ → ϕδ)δ∈Δ, and the characteristic tree t̂ ∈ TΔ determined by t and the
family (ϕδ)δ∈Δ belongs to L. Here, t̂ has the same underlying directed graph as
t, and a vertex v is labeled δ ∈ Δn in t̂ iﬀ v is labeled by some σ ∈ Σn in the
tree t, moreover, δ is the ﬁrst letter in the lexicographic order on Δn such that
the subtree of t rooted at v satisﬁes ϕδ. If no such letter exists, then δ is the last
letter in the lexicographic order on Δn.
For any formula ϕ of over Σ, we let Lϕ denote the language deﬁned by ϕ:
Lϕ = {t ∈ TΣ : t |= ϕ}.
We say that formulas ϕ and ψ (over Σ) are equivalent exactly when Lϕ = Lψ.
Example 2.1 Let R = {0, 2}, say, moreover, let Δ0 = {↑0, ↓0}, Δ2 = {↑2, ↓2}
with lexicographic order such that ↑i<↓i, i = 0, 2. Let L consist of those Δ-trees
that contain at least one vertex labeled ↑0 or ↑2. Given formulas ϕ and ϕ
′ over
Σ, consider the formula ψ = L(↑i → ϕ, ↓i → ϕ
′)i=0,2. Then a tree t ∈ TΣ satisﬁes
ψ iﬀ some subtree of t satisﬁes ϕ. Thus, the modal operator (1) associated with
L corresponds to the (non-strict) EF modality of CTL [10]. Similarly, when L′ is
the set of those Δ-trees containing at least one ↑0 or ↑2 on the second level, then
ψ = L′(↑i → ϕ, ↓i → ϕ
′)i=0,2 corresponds to the formula EXϕ of CTL. One can
derive all the usual CTL modalities by this pattern.
We will consider subsets of formulas associated with classes of tree languages.
When L is a class of tree languages, we let FTL(L) denote the collection of formulas
all of whose subformulas of the form (1) above are such that L belongs to L. We
denote by FTL(L) the class of all tree languages deﬁnable by the formulas in
FTL(L).
Remark 2.2 When R = {0, 1}, our logics are clodely related to the ones deﬁned
in [15]. See also [5].
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3 Tree automata and the cascade product
We will use tree automata to characterize the expressive power of the logics FTL(L)
when L is a class of regular tree languages. Suppose that Σ is a ranked alphabet.
Since we are considering only ground trees, we deﬁne a Σ-tree automaton to be a
ﬁnite Σ-algebra which has no proper subalgebras, i.e., which is generated by the
elements corresponding to the letters in Σ0. Each Σ-tree automaton equipped with
a speciﬁed subset of its underlying carrier deﬁnes a regular language L ⊆ TΣ, cf.
[6].
When A is a Σ-tree automaton with carrier A, B is a Δ-tree automaton with
carrier B, and α is a family of functions αn : A
n × Σn → Δn, n ∈ R, the cascade
product A×α B is the minimal subalgebra of the Σ-algebra with carrier A×B and
operations
σ((a1, b1), . . . , (an, bn)) = (σ(a1, . . . , an), δ(b1, . . . , bn)),
where δ = α(a1, . . . , an, σ), for all (a1, b1), . . . , (an, bn) ∈ A×B, σ ∈ Σn, n ∈ R.
4 Results
Below we will say that quotients are expressible in FTL(L) if for any quotient
t−1L = {s ∈ TΣ : t(s) ∈ L} of a language L ⊆ TΣ in L, where t is any Σ-tree with
a “hole”, and for any formulas ϕδ ∈ FTL(L), δ ∈ Δ there is a FTL(L)-formula
equivalent to (t−1L)(δ → ϕδ)δ∈Δ. Moreover, we will say that the next modalities
are expressible in FTL(L) if for each Σ and each i such that 1 ≤ i ≤ n for some
n ∈ R, and for each formula ϕ in FTL(L), there exits a FTL(L)-formula Xiϕ such
that for any tree t ∈ TΣ, t |= Xiϕ iﬀ the root of t is labeled by a letter of rank ≥ i and
the i-th immediate subtree of t satisﬁes ϕ. We can easily show that this condition
is equivalent to the condition that FTL(L) contains all deﬁnite tree languages [7,8].
Both conditions hold for most natural temporal logics on trees.
Our main contribution is the following general result:
Theorem 4.1 Suppose that L is a class of regular tree languages such that quotients
and the next modalities are expressible in FTL(L). Then a tree language belongs to
FTL(L) iﬀ its minimal tree automaton belongs to the least class of tree automata
containing the minimal tree automata of the languages in L which is closed with
respect to the cascade composition and quotients.
An immediate corollary of the above theorem is the fact that if L is a class
of regular tree languages, then FTL(L) consists of regular languages. Of course
this fact also follows from the obvious observation that when L consists of regular
languages, then FTL(L) can be embedded in the monadic second order logic of [14]
on ﬁnite trees. As a further corollary of the main result, we show that the lattice
of those classes V of tree automata containing the deﬁnite tree automata [7,8] and
closed with respect to the cascade product and homomorphic images, is isomorphic
to the lattice of all classes of regular tree languages of the form V = FTL(L) which
are closed with respect to quotients and contain the deﬁnite tree languages. An
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isomorphism is given by the Eilenberg correspondence (c.f. [4]): Given V, map
V to the class of tree languages V whose minimal automaton belongs to V, or
equivalently, which can be accepted by a tree automaton in V.
Along the way of proving Theorem 4.1, we establish several useful properties of
the tree language classes FTL(L) and the operator FTL. For example, FTL(L)
is always closed under the boolean operations (trivial) and “inverse literal tree
homomorphisms” (almost trivial), and is closed under quotients iﬀ any quotient of
each tree language in L belongs to FTL(L) iﬀ quotients are expressible in FTL(L).
Thus, when these latter conditions hold and L consists of regular languages, then
FTL(L) is a “literal tree language variety”, which are closely related to the tree
language varieties of [11]. We also prove that FTL is a closure operator on (regular)
tree language classes and establish an Eilenberg Variety Theorem for literal varieties.
Suppose V ↔ FTL(L) under the above Eilenberg correspondence. Then a
regular tree language L belongs to FTL(L) iﬀ its minimal tree automaton belongs
to V. Thus, when V is decidable, there results an eﬀective characterization of the
expressive power of the logic FTL(L). We apply this approach to derive eﬀective
characterizations of a certain fragment of CTL, both on the ﬁnite trees considered
here and on the usual unordered tree models of CTL, complementing the results
obtained in [2].
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